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A commutative ring with identity R is called a Hilbert ring if every prime 
ideal in R is an intersection of maximal ideals. It is well known that, if R 
is a Hilbert ring, then the polynomial ring R[X] is also a Hilbert ring. Indeed, 
Hilbert rings first arose in this connection: the fact that R is Hilbert implies 
R[X] is Hilbert, being used by Krull in [4] and Goldman in [l] to give a 
ring theoretic proof for the Hilbert Nullstellensatz. 
If R is a Hilbert ring, then every maximal ideal in R[X] lies over a maximal 
ideal in R (see, for example, [3, p. 181). Thus, if R is a Hilbert ring and 
every maximal ideal in R has height >n, then every maximal ideal in R[XJ 
has height >n + 1. (A prime ideal P in R is said to have height n if there 
is a chain P,, < P1 < -*a < P, = P of prime ideals in R but no such chain 
of longer length.) 
The most naturally occurring examples of Hilbert domains are finitely 
generated ring extensions of a field or the ring of integers. Such examples 
as these have the property that all maximal ideals have the same height. 
Leslie Roberts in [5] points out that Hilbert domains with maximal ideals 
of different height do not seem to be well known, and gives, by means of an 
interesting localization technique, examples of Hilbert domains having 
maximal ideals of height both n and n + 1. The purpose of this note is to 
construct Hilbert domains with maximal ideals of various preassigned 
height. This is done by making use of intersection properties for certain 
integral domains given by Jack Ohm and the author in [2]. 
Robert Gihner first suggested to me that examples such as the ones given in the 
following theorem should exist. I would also like to thank Tony Geramita for a helpful 
conversation in connection with the construction of the examples. 
THEOREM. For any given positive integers r, > r2 > 1-a > I, , there exists 
a noetherian integrally closed Hilbert domain D such that r, ,..., Y, are precisely 
the integers which occur as the he&ht of a maximal ideal in D. 
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Before giving the explicit construction we state a lemma, the proof of 
which follows immediately from [2, Theorem 1.10, p. 2951 and known 
properties of flat ring extensions of an integral domain D that are contained 
in the quotient field of D. 
LEMMA. Let D, R, and V be integral domains with the same quotient field K 
such that D = R n V, V is a rank one valuation ring with rational value 
group, D < R < K, and V is centered on a maximal ideal P of D. Then 
V = Dp , so P is a maximal ideal of D of height 1. Moreover, R is a jlat D- 
module. Hence the non-zero ideals in R are in 1-l inclusion preserving corre- 
spondence with the ideals of D not contained in P, this correspondence being 
effected by extension and contraction. In particular, R is a Hilbert ring if and 
only if D is a Hilbert ring, and D has a maximal ideal of height m > 1 if and 
only if R has a maximal ideal of height m. Finally, D is noetherian if and only 
if R and V are noetherian. 
We shall also make use in our construction of the fact that, if k is a field 
and X, ,..., X, are indeterminates, then there exists a rank one discrete 
valuation ring V on the field k(X, ,..., Xm) such that V contains k, each Xi 
is in the maximal ideal of V, and V has residue field k. The existence of 
such a V can be seen by making use of the fact that the formal power series 
field k((Y)) has infinite transcendence degree over k, taking XI ,..., X, to 
be elements of the maximal ideal of k[[Y]] that are algebraically independent 
over k, and setting V = k(X, ,..., X,) n k[[Y]]. 
Proof of the theorem. Let k be a field, let XI ,,.., X,., be indeterminates, 
and let ml = rl - r2 + 1. Let V, be a rank one discrete valuation ring on 
4-G ,...> -Ll) such that V, contains k, XI ,..., Xm, are in the maximal ideal 
of V, , and V, has residue field k. Let R1 = k[X, ,. .., X,I][l/XJ, and set 
D, = R1 n V, . Note that k[X, ,..., X,J C D, , so D, , R, , and V, have the 
same quotient field, and that k C D, and V, having residue field k imply V, 
is centered on a maximal ideal of D, . Hence, by the above lemma, D, is a 
noetherian Hilbert domain with maximal ideals of height ml and 1. Let 
m2 = r, - r3 + 1, and let R, = D1[X,l+, ,..., X,*1. Since D, is a Hilbert 
ring, maximal ideals of R, must lie over maximal ideals of D, , and, since D, 
is also noetherian, it follows that m2 = rl - r3 + 1 and 1 + ma - m, = 
r2 - r3 + 1 are precisely the integers which occur as the height of a maximal 
ideal in R, . Let V, be a rank one discrete valuation ring of k(X, ,..., Xm,> 
such that V, contains k, X, ,..., Xm, are in the maximal ideal of V, , V, has 
residue field k, and V, n k(X, ,..., Xm,) # V, . This last property insures 
that R, is not contained in V, , and can be realized, for example, by making 
XI have larger value in V, than it does in V, . Let D, = R, n V, . By the 
above lemma, D, is a noetherian Hilbert domain and rl - rg + 1, 
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r2 - r3 + 1, and 1 are precisely the integers that occur as the height of a 
maximal ideal in D, . It is now clear that by an induction argument we can 
construct, for rnnel = r, - Y, + 1, a noetherian Hilbert domain D,-, such 
that k[X, ,..., Xm,J CD,-, C k(X, ,..., Xm,-,>, and such that r, - Y, + 1, 
12 - Y, + I,..., Y,-~ - r, + 1, and 1 are precisely the integers that occur as 
the height of a maximal ideal in D,, . If yla = 1, we take D = D,, , and, 
if Y, > 1, then D = Dn--l[Xm,-l ,..., XvJ is the desired integral domain. 
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